Abstract We investigate the global dynamics of a general Kermack-McKendricktype epidemic model formulated in terms of a system of scalar-renewal equations. Specifically, we consider a model for which both the force of infection and the infected removal rates are arbitrary functions of the infection age, τ , and use the direct Lyapunov method to establish the global asymptotic stability of the equilibrium solutions. In particular, we show that the basic reproduction number, R 0 , represents a sharp threshold parameter such that for R 0 ≤ 1, the infection-free equilibrium is globally asymptotically stable; whereas the endemic equilibrium becomes globally asymptotically stable when R 0 > 1, i.e. when it exists. This analysis generalizes a number of previous results derived for the global dynamics of epidemic models.
Introduction
The classic Kermack-McKendrick paper (Kermack and McKendrick, 1927 ) is a seminal contribution to the mathematical theory of epidemic modelling. Within, the authors formulate a general mathematical model for the trajectory of an epidemic in a closed population and derive several fundamental results including, but not limited to, the conditions for an epidemic outbreak and the final size equation. Importantly, the model makes minimal assumptions about the infectiousness of infected individuals or the rate at which they recover or are removed; rather, these quantities are treated as arbitrary functions of the age since infection, τ . Consequently, the analysis and conclusions of the Kermack-McKendrick model encompass a wide class of epidemic models, including countless incarnations that have since appeared in the infectious diseases modelling literature (e.g. the SIR and SEIR models). Despite this, some authors continue to misconstrue the original model and analysis as being synonymous with the basic SIR model (with constant rates of infection and recovery) such that the significance of Kermack and McKendrick's achievement is often under-appreciated -this point has been recently emphasized in (Breda et al, 2012) .
In this article we revisit the classic Kermack-McKendrick model (Kermack and McKendrick, 1927) and further investigate the system properties and global dynamics in the presence of demographic influences. Our main result, which is derived in section 4, is to show that the basic reproduction number R 0 represents a sharp threshold parameter that determines the global stability of the infection-free and endemic equilibria. Specifically, we find that when R 0 ≤ 1 the infectionfree equilibrium point is the unique equilibrium in R 3 ≥0 and is globally asymptotically stable within this region. Conversely, when R 0 > 1 an endemic solution emerges in the interior of the nonnegative orthant which is globally asymptotically stable in R 3 >0 (i.e. away from the invariant S-axis). Both of these results are proved by the direct Lyapunov method, that is, by identifying appropriate Lyapunov functionals.
Lyapunov functions have previously been used to establish the global asymptotic stability of SIR, SIS and SIRS models (see e.g. (Korobeinikov, 2004)) for which the population is either constant (Korobeinikov and Wake, 2002; O'Regan et al, 2010) or varying (Li and Muldowney, 1995; Li et al, 1999) . These results have also been extended to SEIR and SEIS models in (Fan et al, 2001; Li and Muldowney, 1995; Li et al, 1999) as well as more general latency models in (McCluskey, 2008 (McCluskey, , 2009 (McCluskey, , 2010 . Moreover, the direct Lyapunov method has also been successfully applied to epidemic models with parallel infectious stages (Korobeinikov, 2008) and mutliple parallel strains (Bichara et al, 2013) . Importantly, the model we investigate here is in fact a generalization of many of the models just mentioned because we allow both the infectiousness and removal rate to be arbitrary functions of the age since infection. Therefore our proofs of global stability encapsulate and generalize many of these earlier results.
In the next section we re-introduce the general Kermack-McKendrick model which we formulate in terms of a system of scalar-renewal equations. We then determine the equilibrium states of the system in section 3. Then, in section 4, we present the main result of this article where we introduce a set of Lyapunov functionals which we use to establish the global asymptotic stability of the infection-free and endemic equilibria. Finally in section 5 we provide some concluding remarks.
Global stability of a general, scalar-renewal epidemic model 3 2 Kermack-McKendrick model Just as in the original Kermack-McKendrick model we stratify the population into three infectious categories: susceptible individuals, S; infected individuals, I; and recovered individuals, R. Additionally, we incorporate demographic influences by assuming that individuals are recruited (i.e. born) into the susceptible class at a constant rate λ and that all individuals experience a natural constant per-capita mortality rate µ.
One of the primary ingredients in the model is the force of infection, F (t), which, by definition, is the per-capita rate at which susceptibles are infected. As such, the incidence at time t, which we denote v(t), is given by
In general, we assume that the force of infection depends on the size of the infectious population. It follows then that the force of infection can be expressed in terms of a scalar renewal equation:
where the kernel A(τ ) gives the expected contribution to the force of infection for an individual who has been infected for τ units of time.
Continuing, if we combine the demographic influences and the loss of susceptible individuals due to infection, we find that the susceptible population is modelled by
Next, for the infected class, we assume that in addition to the natural mortality rate µ, infected individuals expire through disease-induced mortality at a percapita rate α(τ ) and recover at a per-capita rate γ(τ ). Therefore, the total removal rate from the infected class at infection age τ is given by ψ(τ ) = µ + α(τ ) + γ(τ ). Hence, if we denote the distribution of infected individuals of infection age τ by i(t, τ ) we have
where v(t − τ ) is the incidence at time t − τ and B(τ ) = e − τ 0 ψ(s) ds is the probability of surviving to infection age τ . In this case, i(t, 0) = v(t).
From (3) we can calculate the total infected population, I(t), as
Having defined the distribution of infected individuals i(t, τ ) and the survival probability B(τ ) we can now elaborate further on our definition of the force of infection (1) and the associated infectivity kernel A(τ ). First, let us assume that an individual with infection age τ has an infectivity φ(τ ); this allows us to rewrite the force of infection at time t as
Substituting in (3) and comparing this expression with (1), we see that the expected contribution to the force of infection,
is the infectivity of an individual with infection age τ , φ(τ ), weighted by the probability the individual survives to infection age τ , B(τ ). From this, the expression for the basic reproduction number, R 0 , naturally follows:
where S 0 = λ/µ is the steady-state susceptible population in the absence of infection (see next section). Lastly, since infected individuals recover at a per-capita rate γ(τ ) at infection age τ , and recovered individuals die at a constant per-capita rate µ, the number of recovered individuals at time t is determined by
For completeness, we note that the total population N (t) = S(t) + I(t) + R(t) in this model is determined by
Proposition 1 The region
is a compact, positively attracting invariant set for the system (2), (4) and (7).
Remark 1 It is straightforward to verify proposition 1 (for instance, see e.g. (Bowong et al, 2011; Meehan et al, 2017) ) by studying the time evolution of the total population N (t), equation (8). Moreover, the invariance of Ω implies that the solutions of the system (2), (4) and (7) are nonnegative for nonnegative initial conditions and remain bounded for all times t.
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Equilibrium points
In this section we determine the equilibrium solutions of the system (2), (4) and (7). Firstly, the infection-free equilibrium, P 0 , can be found by substituting v 0 = F 0 = 0 into equations (2), (4) and (7) which yields P 0 = (S 0 , I 0 , R 0 ) = (λ/µ, 0, 0). Secondly, to calculate the endemic equilibrium solution,P , we use equation (1) which, at equilibrium, becomes
For the caseF = 0, this equation can be rearranged to givē
where we have substituted in the definition of the basic reproduction number (6). Furthermore, by substituting (9) into (2) we find that
Similarly, the distribution of infected individuals at the endemic equilibrium is given byī
so that the total infectious population becomes
=FST where T = ∞ 0 B(τ ) dτ is the average duration of the infectious period. Importantly, we see from (10) that the endemic equilibrium point,P , only exists in the positive orthant for R 0 > 1; for the limiting case R 0 = 1, the endemic and infection-free equilibria coincide.
Global stability analysis
In this section we establish the global stability properties of the infection-free and endemic equilibrium solutions of the system (2), (4) and (7).
Infection-free equilibrium
Theorem 1 The infection-free equilibrium point P 0 of the system (2), (4) and (7) is globally asymptotically stable in the nonnegative orthant R 3 ≥0 for R 0 ≤ 1. However, if R 0 > 1, solutions of (2), (4) and (7) starting sufficiently close to P 0 in R 3 ≥0 move away from P 0 , except those starting on the invariant S-axis which approach P 0 along this axis.
Proof of Theorem 1. To verify theorem 1, consider the Lyapunov functional
and
In particular we have
where a ′ denotes differentiation with respect to τ . Moreover, lim τ →∞ η(τ ) = 0. Importantly, the functional U (t) is positive and continuous, and has a global minimum in R 3 ≥0 at the infection-free equilibrium P 0 . Differentiating (12) gives
Calculating each derivative along system trajectories separately, we first have
Substituting in the identity λ = µS 0 gives
Next, forU 2 we have
where we have used the fact that
Integrating (15) by parts gives
where in the second line we have substituted in (13) and in the last line we have used the definition of F (t), equation (1). Finally, combining (14) and (16) yields
The derivativeU = 0 if and only if S = S 0 and either (a) R 0 = 1 or (b) F = 0. Therefore, the largest invariant subset in R 3 ≥0 for whichU = 0 is the singleton {P 0 }. Hence, by LaSalle's extension of Lyapunov's global asymptotic stability theorem, the infection-free equilibrium point P 0 is globally asymptotically stable in R 3 ≥0 for R 0 ≤ 1. Moreover, if R 0 > 1, the derivativeU > 0 for S sufficiently close to S 0 , provided F > 0. Therefore, solutions starting sufficiently close to the infection-free equilibrium point P 0 leave a neighbourhood of P 0 , except those starting along the invariant S-axis. SinceU ≤ 0 for solutions starting along the invariant S-axis these solutions approach P 0 along this axis.
Endemic equilibrium
Theorem 2 If R 0 > 1 the endemic equilibrium pointP is globally asymptotically in R 3 >0 (i.e. away from the invariant S-axis).
Proof of Theorem 2. Firstly, we introduce the Lyapunov functional
where
In particular, we have
and lim τ →∞ χ(τ ) = 0. The functional W is positive and continuous, and has a global minimum at the endemic equilibrium pointP .
Taking the time derivative of (18) gives
Once again we look at each derivative in turn. Beginning withẆ 1 we have
where in the third line we have substituted in λ = µS +FS (which can be derived from equation (2) withṠ = 0). Similarly,Ẇ 2 is given by
Again, if we integrate by parts we get
Lastly, forẆ 3 we have
The expression in the square brackets can be bounded from below using Jensen's inequality (Jensen, 1906) 1 :
where in the last line we have also used log x ≥ 1 − 1 x . Substituting this result back into (21) we then have
Finally, combining (19), (20) and (23) 
1 For a concave function ϕ(·) the following inequality holds:
where h(t) is a normalized probability distribution.
From equation (24) we see that the largest invariant subset in R 3 >0 for whichẆ = 0 consists only of the endemic equilibrium pointP . Hence, by LaSalle's extension of Lyapunov's asymptotic stability theorem, the endemic equilibrium pointP is globally asymptotically stable.
Conclusions
In this article we investigated the global dynamics of the general KermackMcKendrick model which we formulated in terms of a set of scalar-renewal equations. Firstly, we discussed how when the basic reproduction number R 0 ≤ 1 the infection-free equilibrium point P 0 is the unique equilibrium in R 3 ≥0 . In contrast, when R 0 > 1, an endemic equilibrium solution emerges in R 3 >0 for which a positive fraction of the population remains infected. By introducing appropriate Lyapunov functionals we established that the infection-free and endemic equilibria are globally asymptotically stable when R 0 ≤ 1 and R 0 > 1, respectively. These results generalize a number of previous investigations into the global stability of epidemic models.
